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Abstract

In this work, plasticity-induced crack closure is studied under strain-controlled in-phase and
out-of-phase thermomechanical fatigue (TMF) loading using the finite elementmethod. The
influence of the TMF phase, the applied strain ratio and the material model on the crack
opening stress and the crack tip opening displacement is investigated. Therefore, a plane
strain pennyshaped crack under large-scale yielding and four temperature-dependent vis-
coplasticity models with different numbers of backstresses with or without modification for
an improved description of ratchetting are considered. The results show that crack closure
is strongly determined by the TMF phase and not significantly affected by the strain ratio.
Moreover, the plasticity model strongly influences the results, suggesting the need for the
appropriate description of ratchetting effects and hardening behavior for large plastic strain
ranges typically occurring at and around the crack tip.
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A B S T R A C T

In this work, plasticity-induced crack closure is studied under strain-controlled in-phase and
out-of-phase thermomechanical fatigue (TMF) loading using the finite element method. The
influence of the TMF phase, the applied strain ratio and the material model on the crack opening
stress and the crack tip opening displacement is investigated. Therefore, a plane strain penny-
shaped crack under large-scale yielding and four temperature-dependent viscoplasticity models
with different numbers of backstresses with or without modification for an improved description
of ratchetting are considered. The results show that crack closure is strongly determined by
the TMF phase and not significantly affected by the strain ratio. Moreover, the plasticity model
strongly influences the results, suggesting the need for the appropriate description of ratchetting
effects and hardening behavior for large plastic strain ranges typically occurring at and around
the crack tip.

1. Introduction

High-temperature components are subjected to high thermal and mechanical loadings during start-stop cycles so that thermo-
mechanical fatigue (TMF) of the materials is an essential design criterion for the strength assessment of these components. The
combination of thermal transients and mechanical load cycling results in stresses that locally can exceed the temperature-dependent
yield stress of the material. Hence, TMF cracks can initiate at an early stage in the lifetime, e.g., observed at cooling holes of gas
turbine blades [1–4] representing locations of high-stress concentrations and high-constraint thermal strains. Thus, the growth of
short TMF cracks under large-scale yielding conditions determines the fatigue life of the components.

Plasticity-induced crack closure is one important mechanism affecting the fatigue crack growth rate. Due to the complex
redistribution of stresses and plastic strains at the crack tip, the crack flanks remain partly closed during a loading cycle. Only
the part of the loading cycle where the crack is open contributes to crack propagation [5]. The level of crack closure is found to
be significantly affected by the stress ratio 𝑅𝜎 = 𝜎min∕𝜎max or the mean stress 𝜎m =

(

𝜎max + 𝜎min
)

∕2, e.g., [6–8], where 𝜎max and
𝜎min denote the maximum and minimum remote stress of the arbitrary loading cycle. For TMF loading, stress ratio and mean stress
are significantly determined by the phase shift of the thermal and mechanical load (Section 1.1), and, thus, crack closure under
TMF loading has been considered in experimental and numerical investigations (Section 1.2). However, the influence of hardening
and ratchetting on plasticity-induced crack closure under thermomechanical fatigue loading for strain-controlled large-scale yielding
conditions is not sufficiently understood today, which is why this work aims to gain relevant insights (Section 1.3).
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1.1. Effect of the phase shift on TMF life

Lifetime-critical locations of components are exposed to various thermal and mechanical loading histories during operation,
which can range from out-of-phase (OP, 180◦ phase shift between thermal and mechanical strain) to in-phase (IP, 0◦ phase shift
between thermal and mechanical strain) TMF loading [9]. For strain-controlled OP TMF conditions, compressive stresses occur
at maximum temperature, while tensile stresses occur at maximum temperature for IP TMF conditions. Phase shifts of thermal
and mechanical strain between 0◦ and 180◦ are referred to as phase shift (PS) TMF loading. The TMF crack growth mechanism
strongly depends on the prevailing loading and temperature history and, thus, has to be considered in the TMF life assessment of
the components. For these reasons, the influence of TMF loading history and phase angle on the lifetime has been investigated
extensively in uniaxial laboratory tests.

For nickel-based superalloys, which include the material IN100 on which the studies carried out in this work are based, the
following tendency was observed, e.g., [10–18]: At high mechanical loading, IP TMF tests show a shorter lifetime than the in
temperature range and mechanical strain amplitude comparable OP TMF tests. However, the mean stress evolution would lead to
the opposite trend since OP TMF tests exhibit positive mean stresses and the IP TMF tests, on the other hand, negative mean stresses.
The temperature-dependent yield stresses at minimum and maximum temperatures explain the mean stress evolution, which limits
the resulting stresses under strain-controlled conditions.

1.2. Crack closure under TMF loading

TMF crack growth tests between 300 ◦C and 950 ◦C on the nickel-based superalloys MAR-M247 CC and CM-247 CC show that
depending on the stress ratio, either IP TMF or OP TMF loading results in higher crack growth rates for identical stress intensity
factor ranges [19]. These results can be explained by differences in crack closure for IP and OP TMF. The same trend is also observed
in simulations with a temperature-dependent strip yield model considering the effect of the temperature-dependent yield stress on
crack closure under TMF loading and small-scale yielding [20]. Under OP loading, less crack closure is mostly present than under
IP loading in the same temperature range due to the lower yield stress in compression limiting the contact stresses. When, however,
the maximum stress in IP loading approaches the yield stress in tension, less crack closure is also observed for IP TMF, explaining
the crossing of IP and OP TMF lifetime curves. This strip yield model was used in [21] to derive an empirical crack opening stress
equation as an extension to the Newman equations [22] (initially derived for isothermal conditions), which additionally considers
the ratio of the yield stresses at minimum and maximum applied load. The empirical crack opening stress equation is employed,
e.g., to describe the crack growth rates of nickel-base alloy IN792 between 100 ◦C and 750 ◦C in [23] and of nickel-base alloy CM-247
LC between 100 ◦C and 950 ◦C in [24] for OP TMF loading conditions with different load ratios and hold times.

While the strip yield model considers elastic perfectly-plastic material behavior, hardening and time-dependent behavior can
be considered in the analysis of crack closure with the finite element method. Numerous studies assess plasticity-induced crack
closure in finite element simulations, e.g., [25–36]. These studies are limited to isothermal conditions and time-independent material
behavior, and most of them use stress-controlled small-scale yielding conditions. Under these conditions, pronounced cyclic creep
(ratchetting) occurs partly at the crack tip. The results from [31,32] indicate the occurrence of extensive ratchetting at the crack
tip for elastic perfectly-plastic, linear and nonlinear kinematic hardening material models. Under plane strain conditions, generally
more ratchetting is observed than under plane stress conditions [31,32]. A strong influence on the calculated crack opening stresses
is also observed in [29] if an advanced plasticity model with a nonlinear kinematic hardening law and ratchetting term is used
instead of an elastic perfectly-plastic or linear kinematic hardening material model. For the calculation of crack opening stresses
under stress-controlled conditions and non-proportional loading histories, the nonlinear kinematic hardening model of Armstrong–
Frederick [37,38] is applied in [39,40], which overestimates the ratchetting rate and, thus, the determined crack opening stresses
are lower than experimentally measured values.

Finite element simulations on crack closure under OP TMF loading histories were carried out by Bauerbach [41] considering
austenitic stainless steel in the temperature range from room temperature to approximately 300 ◦C. The results show that crack
opening and crack closure do not occur at equal far-field strains as observed for isothermal conditions [42]. Time-independent
plasticity models with and without modified kinematic hardening law for an improved description of ratchetting are considered.
More crack closure is obtained for the model improved for ratchetting. In [23,24], the influence of the load ratio and dwell times on
OP TMF was investigated in finite element simulations with an elastic perfectly-plastic material model adapted for the nickel-based
superalloys IN792 and CM 247 LC between 100 ◦C and 750 ◦C and additionally for CM 247 LC between 100 ◦C and 950 ◦C. Crack
opening stresses under IP TMF conditions (between 100 ◦C and 850 ◦C) and under the influence of dwell times in tension were
recently investigated in [43] also for IN792 using an elastic perfectly-plastic material in combination with a hyperbolic creep law
for 2D plane stress states and compared to experimentally measured values on single-edge notched specimens. The results showed
that the crack closure effect builds up at the beginning of the simulated crack growth increment but then continuously decreases
and almost diminishes with advancing crack length. In addition, crack closure effects are reduced by higher applied stresses and
additional dwell times. The numerical investigation of dwell times in OP TMF experiments indicated that crack closure is significantly
influenced by the length of the dwell time when stress relaxation occurs [24].

Combining results from crack growth tests and finite element calculations, the mechanical conditions at the crack tip seem more
dominant than environmental effects for TMF loadings [43,44]. Generally, the dependence of the crack growth rate on the phase
shift and/or the load ratio can be eliminated when accounting for the crack closure level either from experimental investigations
or from numerical models in the definition of the stress intensity factor range [23,24,43,45] or the cyclic 𝐽 -integral [46].
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1.3. Aims and structure of the paper

The previous section shows that plasticity-induced crack closure is a relevant mechanism for describing TMF crack growth that
can be evaluated in finite element simulations. However, the existing studies are mostly limited to single-phase relationships (either
OP or IP and rarely in combination), only elastic perfectly-plastic material models without strain hardening are used, which are
insufficient, especially in describing the material behavior at large strain amplitudes. A systematic study on the effect of hardening
and ratchetting under IP and OP TMF conditions with different strain ratios for strain-controlled large-scale yielding as relevant for
critical locations of components with high-constraint thermal strains does not exist yet.

Hence, it is the aim of this work to gain the first insights into crack closure for strain-controlled large-scale yielding TMF
conditions and to provide guidelines for the finite element simulation using advanced viscoplasticity models for cyclic loading.
To this end, crack closure is studied in finite element simulations with hardening models with and without modification for an
improved description of ratchetting. Crack opening stresses and the cyclic crack tip opening displacements are evaluated. For the
finite element simulations, temperature-dependent cyclic (ratchetting) viscoplasticity models for the nickel-based superalloy IN100
are used, which were recently developed in [47] for strain-controlled IP and OP TMF conditions between 300 ◦C and 1050 ◦C. The
models are based on Chaboche-type [48–50] plasticity models with a different number of backstresses to cover hardening under
considerable plastic strain ranges occurring at the crack tip and the Jiang ratchetting term [51,52] in the kinematic hardening law.
As a simplified model, an elastic perfectly-plastic model is used as well.

The paper is structured as follows: The finite element and plasticity models, as well as the methods to assess crack closure and the
crack tip opening displacement, are introduced in Section 2. The numerical results with emphasis on the influence of the TMF phase
shift, the strain ratio and ratchetting on the crack opening stress and crack tip opening displacement are presented in Section 3.
Section 4 deals with the discussion of the results, while in Section 5, a summary and concluding remarks are given.

2. Models and methods

The plasticity models are introduced in Section 2.1. The finite element model for the TMF crack closure simulations is described
in Section 2.2, followed by the used crack growth scheme in Section 2.3 and the considered crack closure parameters in Section 2.4.

2.1. Plasticity models

The temperature-dependent cyclic ratchetting viscoplasticity models and the corresponding material properties for the nickel-
based superalloy IN100 used in this work are described in an open-access publication [47]. The models are based on the
Chaboche-type viscoplasticity model considering different high-temperature phenomena, i.e., nonlinear isotropic and kinematic
hardening according to Armstrong–Frederick [37,38], static recovery and cyclic kinematic hardening or softening, see, e.g., [48–50].
The Chaboche-type model is combined with the Jiang model [51,52] to account for mean stress relaxation or ratchetting for mean
strain loading histories as possible in TMF tests since the Armstrong–Frederick kinematic backstress evolution equation overestimates
mean stress or ratchetting for non-symmetric loading histories.

Two models were considered in [47] for the description of the temperature-dependent cyclic ratchetting viscoplasticity of IN100,
each with two different numbers of backstresses. Both models are used in this work to study the influence of hardening and
ratchetting on plasticity-induced crack closure under TMF loading. Hence, only details on the backstresses relevant for the hardening
and ratchetting behavior are briefly given in the following.

In both models, the backstress tensor 𝛼𝑖𝑗 describing kinematic hardening of the material is additively decomposed into 𝑘 =
1,… , 𝑁 individual backstresses, e.g., [53]:

𝛼𝑖𝑗 =
𝑁
∑

𝑘=1
𝛼(𝑘)𝑖𝑗 . (1)

The evolution of each backstress tensor 𝛼(𝑘)𝑖𝑗 is governed by the Armstrong–Frederick kinematic hardening law extended with a cyclic
hardening or softening function, a function for an improved description of ratchetting and a static recovery term:

𝛼̇(𝑘)𝑖𝑗 = 𝐶 (𝑘)𝜀̇vp𝑖𝑗 − 𝛾 (𝑘)𝑊 (𝑘)𝜙(𝑘)𝑝̇𝛼(𝑘)𝑖𝑗 − 𝑅(𝑘)𝛼(𝑘)𝑖𝑗 + 𝜕𝐶 (𝑘)

𝜕𝑇
1

𝐶 (𝑘)
𝑇̇ 𝛼(𝑘)𝑖𝑗 . (2)

𝐶 (𝑘) is the temperature-dependent initial hardening modulus, and 𝛾 (𝑘) is the temperature-dependent dynamic recovery constant of
the Armstrong–Frederick law [53]. The function 𝑊 (𝑘) is the Jiang ratchetting function [51,52] and the function 𝜙(𝑘) accounts for
cyclic kinematic hardening or softening, respectively. The detailed equations for 𝑊 (𝑘) and 𝜙(𝑘) are given in [47]. Furthermore, in
Eq. (2), 𝜀̇vp𝑖𝑗 is the viscoplastic strain rate tensor, 𝑝̇ is the equivalent viscoplastic strain rate and 𝑇 is the temperature. The temperature-
dependent material property 𝑅(𝑘) accounts for the static recovery of the backstress. The last term in Eq. (2) considers the effect of
the temperature dependence of 𝐶 (𝑘).

The two viscoplasticity models (each with two different numbers of backstresses) used in this work are the following:

• Pure Chaboche-type viscoplasticity models with 𝑁 = 2 and 𝑁 = 5 backstresses neglecting the ratchetting function 𝑊 (𝑘) in
Eq. (2) (i.e., 𝑊 (𝑘) = 1), to investigate the influence of the number of backstresses and the saturation behavior of the material
model at high strains. These models significantly overestimate ratchetting. The model with 𝑁 = 2 backstresses does not allow
a proper description of hardening under high strains.
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Fig. 1. Modeling results of the considered Chaboche-type viscoplasticity models for (a) IP and (b) OP TMF between 300 ◦C and 1050 ◦C with a mechanical strain
amplitude of 𝜀mech

a = 0.28% and a strain ratio of 𝑅𝜀 = −1 for the nickel-based superalloy IN100. The experimental results are taken from [47].

• Chaboche-type viscoplasticity models combined with the Jiang ratchetting model and 𝑁 = 5 or 𝑁 = 10 backstresses according
to Eq. (2) to consider the influence of ratchetting and the number of backstresses. Since the ratchetting term leads to bending
points in the stress–strain hysteresis loops when an individual backstress goes into saturation, it is recommended to use multiple
backstresses [51,52]. Both models enable a sound description of ratchetting. For 𝑁 = 5 backstresses, slight bending points are
present in the simulated stress–strain curves, while smooth curves are obtained for 𝑁 = 10 backstresses.

The material properties of the viscoplasticity models for IN100 were determined based on isothermal low-cycle fatigue tests and
ratchetting tests regarding the description of cyclic ratchetting plasticity as well as based on compression tests to allow a proper
description of hardening for pronounced strains as relevant at the crack tip [47]. The values of all temperature-dependent material
properties for all considered models are tabulated in [47]. IP and OP TMF tests are employed for the validation of the models.
Exemplary model validation results from [47] are shown in Figs. 1(a) and 1(b) for an IP and OP TMF test, where the results of all
models are shown together with the experimental results for IN100 in the first ten loading cycles. In both TMF tests, the following
conditions are used: mechanical strain amplitude 𝜀mech

a = 0.28%, strain ratio 𝑅𝜀 = 𝜀min∕𝜀max = −1, temperature range from 300 ◦C to
1050 ◦C and heating/cooling rate of 5K∕s, respectively. Similar TMF conditions are used in Section 3 to assess crack closure in IP
and OP TMF. All models give visually a very good and quite identical description of these TMF tests, while only the models with
Jiang ratchetting term allow for a reasonable description of ratchetting tests [47].
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Table 1
Temperature-dependent material properties of the elastic perfectly-plastic material model.

Temperature in ◦C 300 750 850 950 1050
Young’s modulus 𝐸 in GPa 175 160 150 140 130
Yield stress 𝜎Y in MPa 736 784 515 326 179

The models were implemented as user subroutine UMAT into the finite element software ABAQUS/Standard [54]. Furthermore,
a temperature-dependent elastic perfectly-plastic material model (i.e., the ∗Plastic material model from ABAQUS/Standard)
is considered as elastic perfectly-plastic models are often used for crack closure simulations, e.g., [23,24]. The corresponding
temperature-dependent material properties are compiled in Table 1. A small amount of hardening (0.3MPa per % of accumulated
plastic strain) is accounted for to avoid numerical instabilities in the finite element calculations.

2.2. Finite element model

The finite element model of the penny-shaped crack geometry, which was created in the finite element software ABAQUS/
Standard [54] and used in a previous finite element study regarding crack closure [33], is employed in this work. The model is
described in detail in [33] where also a general review of methods and settings for the finite element analysis of crack closure is
given. Therefore, the description of the model focuses on the essential settings and methods used in this work.

In Fig. 2, the axisymmetric finite element model is shown. Symmetry boundary conditions are used to model the quarter plate
with 𝑊 = 500mm width. Strain-controlled loading conditions are introduced by the displacement boundary 𝑢∞(𝑡). The initial crack
length is defined as 𝑎0 = 1mm located on the bottom left edge of the finite element model yielding in a ratio of 𝑎∕𝑊 → 0, and,
thus, in near-infinite conditions. The contact is enabled with an analytical rigid surface and a linear penalty algorithm available
in ABAQUS/Standard. Friction under mode I loading is neglected, and contact penetration was found to be negligibly small,
cf. [33]. The initial crack has a blunted crack tip with a radius of 10 μm since real cracks are expected not to be perfectly sharp due
to significant plastic deformations and consequently by crack tip blunting during cyclic loading. The mesh at the crack tip radius
and along the crack plane is magnified at the bottom of Fig. 2. Here, in all finite element simulations, a mesh size of 1 μm is chosen.
Linear axisymmetric elements of type CAX4 of the ABAQUS/Standard library are used. The finely meshed area in front of the
crack tip is 228 μm. The total crack growth increment simulated is 𝛥𝑎 = 0.2mm, corresponding to 200 crack growth cycles. Around
the described area, the element mesh size is continuously increased by combining two elements into one common element. This
structured meshing technique allows the usage of quadrilateral elements in the whole finite element model. The maximum element
size on top of the quarter plate is 22.5mm. Large deformations are considered with the NLGEOM=YES option. For TMF loading, a
homogeneous prescribed temperature distribution is assumed for the whole model.

2.3. Applied crack growth scheme

Crack growth in the finite element simulations is generated by the node release technique. Therefore, changing the displacement
boundary condition at maximum displacement releases the crack tip node during a crack growth cycle. The crack growth scheme
is applied in every second loading cycle to model a growing crack, which was motivated and discussed in previous studies,
see [33,34]. Identical crack growth procedures are used by, e.g., [23,55,56]. Hence, one pure TMF cycle is simulated between
the crack growth cycles to stabilize the deformations in the crack tip region and evaluate the crack opening stress and the crack tip
opening displacement. This work did not investigate the influence of the number of loading cycles between the crack growth cycles.

2.4. Crack closure evaluation

The crack opening stress is evaluated with the tensile tip (tt) method [57], which is a stress-based crack opening criterion. Here,
the crack tip node is directly considered for determining crack closure effects. A schematic sketch of the considered finite elements
around the crack tip and the considered crack tip node for evaluating the tt-method is shown in Fig. 3. In particular, the stress
evolution in loading direction is monitored during the TMF cycle for a potential change of sign from compressive to tensile stresses
arising at the crack tip. The stresses at the integration points of the crack tip element are extrapolated to the nodes. The extrapolation
is known to cause errors. However, for the evaluation of the crack opening stress with the tt-method, the point, where the change
of sign occurs, is relevant, while the exact values of the crack tip stress are of minor importance [33]. The crack opening stress, 𝜎op,
is determined between the two loading increments, where the stress in loading direction at the crack tip changes from negative to
positive. In this case, the crack opening stress is received with the current far-field stresses. To obtain a more precise value, linear
interpolation between the two respective loading increments is used. In this work, only the crack opening stress is determined. For
both branches of the TMF loading cycle, namely heating and cooling, 100 loading increments are saved in the output database file
to calculate accurate results in the subsequent post-processing.

The crack tip opening displacement 𝐶𝑇𝑂𝐷 is an important fracture mechanics parameter to characterize the crack tip
deformation. 𝐶𝑇𝑂𝐷 is often defined by a crack opening angle of 45◦ concerning the crack plane. However, it was found in the
TMF finite element simulations that the 45◦ evaluation is not possible in all cases. Hence, 𝐶𝑇𝑂𝐷 is determined by the vertical
displacement 𝑢𝑦 at the third node behind the crack tip [33,34], see Fig. 3. Other works consider 𝐶𝑇𝑂𝐷 at the first or second node
behind the crack tip, e.g., [58,59]. The definitions of these nodes are also shown in Fig. 3.
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Fig. 2. Finite element model for the penny-shaped crack showing the structured mesh along the crack flank and at the crack tip. Copyright Elsevier 2022.
Source: The figure is taken from [33].

3. Results

The temperature range considered is between 300 ◦C and 1050 ◦C (according to the available material properties for IN100) with
a triangular temperature cycle form and a respective temperature rate of d𝑇 ∕d𝑡 = 10K∕s, which results in a TMF cycle time of 150 s.
IP and OP TMF with 0◦ and 180◦ phase shifts between the thermal and mechanical load, respectively, are examined. The mechanical
strain amplitude is kept constant to 𝜀mech

a = 0.28%, which was tested in the TMF experiments in [47] and resulted in cyclic plastic
yielding in the IP and OP TMF cycles, as shown in Figs. 1(a) and 1(b). In addition, the influence of the strain ratio 𝑅𝜀 is investigated.
Typically, 𝑅𝜀 = −1 is used in TMF tests both for IP and OP loading. From an application point of view, a strain ratio of 𝑅𝜀 = 0 for IP
and 𝑅𝜀 = −∞ for OP TMF loading is also examined. Hence, large-scale yielding is considered. Each series of four TMF simulations
(IP and OP for two strain ratios) is calculated using the temperature-dependent viscoplasticity models with a different number of
backstresses and a modification for ratchetting as listed in Section 2.1.

Section 3.1 focuses on the detailed evolution of the crack opening stress with increasing crack length and the effects of the phase
angle and the strain ratio of the TMF cycle when ratchetting is considered in the Chaboche-type model with Jiang ratchetting term
and 𝑁 = 5 backstresses. The differences in crack closure when the Jiang ratchetting term is neglected are described in Section 3.2.
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Fig. 3. Schematic drawing of the finite elements around the crack tip with the definitions of the respective nodes where the results are assessed.
Source: Figure adapted from [33] and modified for this work.

The effect of different numbers of backstresses for the description of hardening is analyzed in Section 3.3. In Section 3.4, the results
of an elastic perfectly-plastic material model are presented. Finally, the evolution of the crack tip opening displacement 𝐶𝑇𝑂𝐷
under IP and OP TMF loading histories is addressed in Section 3.5.

3.1. Influence of the TMF phase shift and the strain ratio on crack closure

The evolution of the crack opening stress 𝜎op with increasing normalized crack length (𝑎0 + 𝛥𝑎)∕𝑎0 is shown in Fig. 4. The
Chaboche-type model with Jiang ratchetting term and 𝑁 = 5 backstresses is used. In Fig. 4(a), the lowest crack opening stresses are
obtained directly at the beginning, i.e., (𝑎0+𝛥𝑎)∕𝑎0 = 1 when no crack closure is present. The negative crack opening stresses indicate
that the crack is opened already, even if compressive far-field stresses are applied. With increasing crack length, crack closure is
built up, and all curves show a degressive slope before a (near-)stabilized value is reached. The saturation appears significantly faster
in the case of OP than IP TMF loading. For both phase shifts, the applied strain ratio has a marginal effect on the crack opening
stress during the buildup phase. However, between IP and OP, a significant difference is apparent in the absolute value of the crack
opening stress since 𝜎op is much lower for IP TMF loading compared to OP TMF. Hence, an almost stabilized crack opening stress
of 𝜎op ≈ −150MPa is observed for IP TMF, where the corresponding OP TMF cycle results in 𝜎op ≈ −80MPa.

Considering only the value of the crack opening stress, one would conclude that less crack closure is present under IP TMF
loading. However, this is not the case. The function 𝑈 = (𝜎max − 𝜎op)∕𝛥𝜎 describes the effective fraction (load range) to which the
crack is open during a TMF cycle where 𝛥𝜎 = 𝜎max − 𝜎min is the stress range and 𝜎min, 𝜎max are the minimum and maximum stresses
in the far field, respectively. The crack is entirely opened for 𝑈 = 1 and completely closed for values of 𝑈 = 0. In Fig. 4(b), 𝑈 is
shown depending on the normalized crack length. Almost no crack closure occurs under OP TMF conditions, where 𝑈 ≈ 0.95 is
present. A completely different picture is drawn for IP TMF. In this case, the crack is opened up to ≈90% of a TMF cycle at the
beginning of the simulation. However, with the increase of the crack opening stress shown in Fig. 4(a), the function 𝑈 decreases
due to the formation of crack closure resulting in stabilized values of 𝑈 ≈ 0.3.

3.2. Influence of omitted ratchetting effects on crack closure

In this subsection, the pure Chaboche-type and the Chaboche–Jiang-type plasticity models with 𝑁 = 5 backstresses are compared
regarding the influence of the modification for an improved description of ratchetting on crack closure. Therefore, the function 𝑈
is plotted in Fig. 5 over the normalized crack length

(

𝑎0 + 𝛥𝑎
)

∕𝑎0. For OP TMF, the choice of the plasticity model has no visible
effect on the amount of crack closure. Almost no crack closure is obtained with 𝑈 ≈ 0.95. Under IP TMF loading, the curves for
both plasticity models show a similar evolution during the phase of crack extension when crack closure is built up. However, after
a short period of crack growth at

(

𝑎0 + 𝛥𝑎
)

∕𝑎0 ≈ 1.02, a slight deviation between the two plasticity models and in the strain ratio
for the pure Chaboche-type model is observed, which is addressed to isolated distorted elements at or directly behind the advancing
crack tip.

3.3. Influence of the number of backstresses on crack closure

The influence of the number of backstresses and, hence, the description of hardening is investigated in this subsection for both
types of plasticity models. Fig. 6(a) compares the pure Chaboche-type viscoplasticity models with 𝑁 = 2 and 𝑁 = 5 backstresses.
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Fig. 4. Evolution of the (a) crack opening stress 𝜎op and (b) development of the function 𝑈 with increasing normalized crack length
(

𝑎0 + 𝛥𝑎
)

∕𝑎0 in dependence
on the TMF phase angle and the applied strain ratio.

For IP TMF loading conditions, both plasticity models exhibit a quite similar trend, leading to almost equal saturated crack opening
stresses and, thus, stabilized values of 𝑈 ≈ 0.34. During OP TMF loading, stabilized crack opening stresses are directly obtained
from the beginning of the simulation. After some crack advance, the function 𝑈 shows wildly oscillating values for both strain
ratios since extensive mesh distortion occurs around the crack tip. This behavior is not observed if 𝑁 = 5 backstresses are used
in the Chaboche-type plasticity model, allowing a better description of hardening in the complete range from small to larger
strains.

The results of the plasticity models with Jiang ratchetting term are shown in Fig. 6(b). The number of backstresses has no
significant influence on the crack closure evolution for the considered TMF cycles with different strain ratios.

3.4. Influence of the hardening behavior

In the following, the results of the Jiang model are compared in Fig. 7 to results generated with an elastic perfectly-plastic
material model for a strain ratio of 𝑅𝜀 = −1. While the crack is fully opened under OP TMF conditions as predicted by the
Chaboche–Jiang-type model, significant differences in the evolution of 𝑈 are observed for IP TMF loading. At the same time, the
elastic perfectly-plastic material model shows signs of numerical instabilities, which lead to fluctuations in 𝑈 and are attributed to
heavily distorted elements at the crack tip (see Fig. 7).
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Fig. 5. Crack closure evolution in terms of the function 𝑈 with increasing crack length
(

𝑎0 + 𝛥𝑎
)

∕𝑎0 under TMF loading for the pure Chaboche-type plasticity
model and the Chaboche-type plasticity model with Jiang ratchetting term, both with 𝑁 = 5 backstresses.

3.5. Crack tip opening displacement evolution under TMF loading

The evolution of the ratio of the maximum 𝐶𝑇𝑂𝐷 value during a TMF cycle normalized to the current crack length 𝑎 = 𝑎0+𝛥𝑎 is
shown in Fig. 8 in dependence on the phase angle and the strain ratio. According to Section 2.4, 𝐶𝑇𝑂𝐷 is accessed by the vertical
displacement 𝑢𝑦 at the third node behind the crack tip as displayed in Fig. 3. Only the values of the cycles without crack advance
are shown. The evolution of 𝐶𝑇𝑂𝐷 for the Chaboche-type plasticity models with Jiang ratchetting term and 𝑁 = 5 and 𝑁 = 10
backstresses is shown in Fig. 8(a). The largest 𝐶𝑇𝑂𝐷∕𝑎 ratios under IP TMF loading conditions are obtained directly at the beginning
of the first crack growth cycles when no crack closure is present. With the formation of crack closure, 𝐶𝑇𝑂𝐷∕𝑎 is consequently
decreased until a stabilized ratio of 𝐶𝑇𝑂𝐷∕𝑎 ≈ 0.0008 is reached at the end of the simulations after 200 crack growth cycles. Under
OP TMF loading, 𝐶𝑇𝑂𝐷∕𝑎 increases continuously until a stabilized value of 𝐶𝑇𝑂𝐷∕𝑎 ≈ 0.0038 is reached. In contrast to IP TMF
loading, the values are generally much higher. The strain ratio has no significant influence on the crack length-normalized 𝐶𝑇𝑂𝐷
evolution.

In Fig. 8(b), similar evolutions for 𝐶𝑇𝑂𝐷∕𝑎 are obtained under IP TMF loading conditions for the Chaboche-type models
irrespective of the number of backstresses. The stabilized values of 𝐶𝑇𝑂𝐷∕𝑎 are slightly higher than in Fig. 8(a). However, under
OP TMF loading, 𝐶𝑇𝑂𝐷∕𝑎 decreases after an initial peak value is reached. Besides, the number of backstresses has an additional
impact on the evolution with increasing crack length.

In Fig. 9 the evolution of 𝐶𝑇𝑂𝐷∕𝑎 is shown for the elastic perfectly-plastic material for IP and OP TMF loading for 𝑅𝜀 = −1. As
a reference, the results of the Chaboche–Jiang-type plasticity model with 𝑁 = 10 backstresses are given. The mesh size along the
crack plane had to be changed to 2 μm due to instabilities in the calculations with the elastic perfectly-plastic material model and,
thus, new results for the Chaboche–Jiang-type plasticity model were calculated as well. For both IP and OP TMF loading the elastic
perfectly-plastic material results in significantly higher 𝐶𝑇𝑂𝐷∕𝑎 values. While the trend, that 𝐶𝑇𝑂𝐷∕𝑎 decreases with increasing
crack length matches the observations made for the Chaboche–Jiang-type model, the opposite trend is observed for OP loading.
Here, the elastic perfectly-plastic material again shows decreasing 𝐶𝑇𝑂𝐷∕𝑎 values, while the Chaboche–Jiang model results are
increasing.

Up to this point, only the maximum values of the TMF cycles were compared with each other. Hence, the 𝐶𝑇𝑂𝐷 evolution
during one complete TMF cycle is investigated in detail in Fig. 10 for a strain ratio of 𝑅𝜀 = −1 and a normalized crack length of
(

𝑎0 + 𝛥𝑎
)

∕𝑎0 = 1.2. The results of 𝐶𝑇𝑂𝐷∕𝑎 for IP TMF loading are plotted in Fig. 10(a) as a function of the mechanical strain. The
development is counterclockwise, as indicated by the arrows in the graph. At the beginning of the TMF cycle, i.e., 𝜀mech

a = −0.28%,
𝐶𝑇𝑂𝐷∕𝑎 is approximately equal to zero, meaning the crack is closed. With the increase of the mechanical strain, crack opening
is observed at 𝜀mech

a ≈ −0.01% for the pure Chaboche-type plasticity models and at 𝜀mech
a ≈ 0.03% for the Chaboche-type plasticity

models with Jiang ratchetting term, respectively. After the point of crack opening, an exponential evolution is obtained for the
four considered plasticity models. The increase is slower for the models with ratchetting term yielding lower crack tip opening
displacements found at 𝐶𝑇𝑂𝐷∕𝑎 ≈ 8⋅10−4. The Chaboche-type models predict with 𝐶𝑇𝑂𝐷∕𝑎 ≈ 1⋅10−3 higher opening displacements,
whereby the overall maximum is obtained with the Chaboche-type model with 𝑁 = 5 backstresses. After unloading, 𝐶𝑇𝑂𝐷∕𝑎
decreases as expected and all models lead to crack closure. The point of crack closure is shifted to smaller strains in the case of the
pure Chaboche-type models.

Fig. 10(b) shows the 𝐶𝑇𝑂𝐷 hysteresis loops for OP TMF loading. The evolution of the Chaboche-type plasticity models deviates
significantly from the Chaboche–Jiang models. For the Chaboche models, the 𝐶𝑇𝑂𝐷∕𝑎 hysteresis loops are never closed. Depending
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Fig. 6. Crack closure evolution in terms of the function 𝑈 with increasing crack length
(

𝑎0 + 𝛥𝑎
)

∕𝑎0 under TMF loading for the (a) pure Chaboche-type plasticity
models with 𝑁 = 2 and 𝑁 = 5 backstresses and the (b) Chaboche-type plasticity models with Jiang ratchetting term and 𝑁 = 5 and 𝑁 = 10 backstresses.

on the number of backstresses non-plausible differences in the 𝐶𝑇𝑂𝐷∕𝑎 evolution are observed. Closed 𝐶𝑇𝑂𝐷∕𝑎 loops are only
found for the Chaboche-type models with Jiang ratchetting term. The hysteresis shapes are almost identical. However, no crack
closure is indicated by the evaluation of 𝐶𝑇𝑂𝐷 since always positive values are observed at the third node behind the crack tip.

4. Discussion

In the following, the results and findings from the previous section are discussed in terms of differences in the evolution of
crack closure between IP and OP TMF loading in Section 4.1. To this end, only results, which include a proper description of
ratchetting effects, are considered. Moreover, numerical instabilities associated with extensive ratchetting, its consequences for the
crack opening stress and the crack tip opening displacement are discussed in Section 4.2. Finally, the finite element results are
discussed with respect to model assumptions and the validation of the model in Section 4.3.

4.1. Difference in crack closure between IP and OP TMF and its consequence on 𝐶𝑇𝑂𝐷

The results show that less crack closure can be expected under OP TMF conditions, whereas pronounced crack closure effects
are observed under IP TMF loading. This behavior is independent of the strain ratio and plasticity models used. A similar trend that
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Fig. 7. Comparison of the crack closure evolution in terms of the function 𝑈 with increasing crack length
(

𝑎0 + 𝛥𝑎
)

∕𝑎0 under TMF loading for the elastic
perfectly-plastic material model and the Chaboche–Jiang-type (ratchetting) plasticity model with 𝑁 = 10 backstresses.

less crack closure is present under OP TMF than under IP TMF for an identical temperature range was found earlier in [20,21] from
strip yield model results, which considers temperature-dependent material properties (i.e., Young’s modulus 𝐸 and yield stress 𝜎Y).

In the following, the difference in the resulting mean stress is first explained with the evolution of temperature-dependent yield
stress 𝜎Y (𝑇 ) (i.e., at 0.2%-offset plastic strain) when the temperature 𝑇 changes during the TMF cycles. According to the definitions
given in [20], the yield stress in tension 𝜎Y,t (i.e., at maximum remotely applied strain) and compression 𝜎Y,c (i.e., at minimum
strain) are introduced. In Fig. 11, the simulated remote stress–temperature hysteresis loops are plotted with the evolution of 𝜎Y (𝑇 ).
The red lines with different marker symbols indicate the yield stress values, i.e., squares and circles for tension and compression,
𝜎Y,t and 𝜎Y,c, respectively. The plotted yield stress of the considered IN100 alloy is determined from the isothermal experimental
results at half lifetime published in [47] and found in Fig. 11 to decrease from 𝜎Y = 736MPa at the lower TMF temperature of
300 ◦C to 𝜎Y = 179MPa at the upper temperature of 1050 ◦C. Since the resulting far-field stresses both in the TMF experiment and
the simulation are linked to the temperature-dependent yield stresses 𝜎Y,t and 𝜎Y,c, a negative mean stress evolution is obtained for
IP TMF, and the opposite is observed for OP TMF loading. The mean stress is shifted with increasing TMF cycles downwards for IP
and upwards for OP, respectively.

Similarly to the resulting load ratio, the contact stresses between the crack flanks are influenced by 𝜎Y (𝑇 ), as shown in [20]
using the strip yield model for different mean stresses under IP and OP TMF loading in the small-scale yielding regime. The contact
stresses cause a stress intensity, which needs to be overcome by the applied cyclic load in the subsequent loading branch to open the
crack, cf. [60]. In the case of OP TMF, the low yield stress in compression (i.e., at minimum loading and maximum temperature)
leads to lower (negative) contact stresses along the crack flank and, thus, earlier crack opening. However, the strip yield model
in [20] considers only time-independent elastic perfectly-plastic material behavior and is furthermore limited to stress-controlled
loading up to the yield stress 𝜎Y, which is not representative for critical locations of components with high-constraint thermal strains
and the studied large-scale yielding strain-controlled TMF conditions.

The mean stress effect on the contact stress 𝜎22 distribution in loading direction along the crack length is studied in Fig. 12(a).
IP (solid black line) and OP (dashed blue line) TMF results with a strain ratio of 𝑅𝜀 = −1 and obtained with the Chaboche-type
model with Jiang ratchetting term with 𝑁 = 5 backstresses are considered. The stress profiles of the last cycle at a minimum
strain of 𝜀mech

a = −0.28% are plotted, whereby the yield stress in compression 𝜎Y,c is indicated by the gray densely dashed lines.
Up to an initial crack length of 𝑎0 = 1mm, the contact stresses are found close to zero in both cases, which means that the crack
is not or is only partially closed. Close to the crack tip, i.e., 𝑥 < 𝑎, the contact stresses for OP TMF loading are still found to be
close to zero. In contrast, significant compressive stresses in the order of the yield stress in compression 𝜎Y,c are built up under IP
loading for 𝑎0 < 𝑥 < 𝑎. For comparison, the contact stress profile calculated using the strip yield model for a nickel-based superalloy
MAR-M247 with similar temperature dependence of the yield stress is shown in Fig. 12(b) for IP and OP TMF loading between 300 ◦C
and 1050 ◦C. The resulting contact stresses for 𝑎0 < 𝑥 < 𝑎 are always bound by 𝜎Y,c. Even though the applied macroscopic load is
in the elastic regime and the stresses at the crack tip show no singularity, the contact stress profile shows similar characteristics as
the finite element calculations.

In the following, it is discussed whether the different methods used to evaluate the crack opening stress (tt-method, contact
stress profile, and 1st or 2nd node behind the crack tip, see Fig. 3) could fundamentally impact the evaluation of crack closure
under IP and OP TMF loading. To this end, only the results using the Chaboche–Jiang models are considered, which are judged
to be free of numerical instabilities, as pointed out in the next section. The evolution of 𝑈 is plotted for the different procedures
in Fig. 13 for OP and IP TMF loading. Under OP TMF loading, all methods deliver very similar results in terms of 𝑈 . The low
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Fig. 8. Evolution of the normalized crack tip opening displacement 𝐶𝑇𝑂𝐷∕𝑎 with increasing normalized crack length
(

𝑎0 + 𝛥𝑎
)

∕𝑎0 for the (a) Chaboche–Jiang-
type (ratchetting) plasticity models and (b) Chaboche-type plasticity models (without ratchetting).

sensitivity can be attributed to the fact that the crack opens almost instantly during loading, as can be seen in Fig. 10. However,
under IP TMF loading, significant differences are predicted. While the tt-method, 1st and 2nd node approach all fall into a similar
scatter band, there is a substantial offset about the contact stress methods from de Matos and Nowell [59] and Newman [60]. Since
the underlying methods are based on linear-elastic fracture mechanics, while the contact stress profile was obtained by nonlinear
viscoplastic deformation models, it is concluded that the results obtained by the contact stress methods are falsified. Qualitatively,
all methods predict significantly more crack closure under IP TMF loading than OP loading.

Finally, the implications of crack closure on 𝐶𝑇𝑂𝐷 are discussed for IP and OP TMF loading. From Fig. 8(a) it can be seen,
that the evolution of 𝐶𝑇𝑂𝐷∕𝑎 for IP TMF loading follows the same trend as the function 𝑈 in Fig. 6(b). Both 𝑈 and 𝐶𝑇𝑂𝐷∕𝑎
decrease significantly under IP TMF loading, while the opposite is the case for OP TMF loading. Since 𝐶𝑇𝑂𝐷 or its range
𝛥𝐶𝑇𝑂𝐷 = 𝐶𝑇𝑂𝐷max − 𝐶𝑇𝑂𝐷min is a good indicator for the mechanistic crack driving force and the fatigue crack growth rate,
a typical Paris-type power law d𝑎∕d𝑁 ∝ 𝛥𝐶𝑇𝑂𝐷𝐵 is used to estimate the differences in fatigue crack growth rates between IP and
OP TMF loading for the investigated loading conditions. The exponent 𝐵 is found to be in the range of 𝐵 = 1.5...2 for similar cast
superalloys (and own non-published data for IN100 confirms this). In a fairly stabilized state, 𝛥𝐶𝑇𝑂𝐷 is about a factor four larger
under OP TMF loading than under IP TMF loading (see Fig. 8(a)). Hence, the fatigue crack growth rate would be estimated to be
higher by a factor 8…16 under OP TMF loading. This neglects the effect of creep damage in terms of intergranular porosity or
secondary cracks, which is often observed under IP TMF loading at high mechanical strain ranges in smooth specimens. However,
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Fig. 9. Evolution of the normalized crack tip opening displacement 𝐶𝑇𝑂𝐷∕𝑎 with increasing normalized crack length
(

𝑎0 + 𝛥𝑎
)

∕𝑎0 for the elastic perfectly-plastic
material in comparison to the Chaboche–Jiang-type plasticity model with 𝑁 = 10 backstresses.

long crack growth studies for MAR-M247/CM-247 CC in corner-crack specimens [19] in the temperature range from 300 ◦C to 950 ◦C
with stress ratios corresponding to a stabilized TMF hysteresis under strain control, confirm this trend.

The influence of the mechanical strain amplitude on crack closure is not investigated in this work. Hence, the statement that
less crack closure is present under OP TMF loading than under IP TMF loading has to be proven in future numerical investigations
focusing on the load dependence of plasticity-induced crack closure under TMF loading.

4.2. Indicators for numerical instabilities associated with extensive ratchetting and the Chaboche-type model

The application of strain-controlled TMF loading histories leads per se to non-symmetric mean stress evolutions since the resulting
stresses are bound to the temperature-dependent yield stress. Hence, ratchetting or mean stress relaxation is expected to appear in
the simulations.

In the finite element simulations with the pure Chaboche-type model and 𝑁 = 2 backstresses, pronounced mesh distortion at the
crack tip and along the crack flank was observed under OP TMF loading, which leads to non-plausible results in the crack opening
stress in Fig. 6(a) and the crack tip opening displacement in Fig. 8(b), respectively. The displacement 𝑢2 of the crack flank along
the simulated crack growth of 𝛥𝑎 = 0.2mm for a respective crack length of 𝑎 = 1.2mm is shown in Fig. 14 for the applied plasticity
models at a maximum tensile strain of 𝜀mech

a = 0.28% over the deformed 𝑥-coordinate of the nodes along the crack flank. At 𝑥 = 1mm,
the initial crack tip would be located if the undeformed state is considered. The Chaboche-type models with Jiang ratchetting term
exhibit a quite similar crack opening behavior, where the marginal differences are addressed to the model adjustment at high strains,
see [47] for more details. The plateaus in all curves at 𝑥 ≈ 1.02mm result from the crack tip radius.

The interesting observations are made for the pure Chaboche-type models with 𝑁 = 2 or 𝑁 = 5 backstresses, shown in black
and blue lines. For 𝑁 = 5 backstresses, the curve seems reasonable, however, the resulting displacements 𝑢2 are significantly larger
compared to the Chaboche-type models with Jiang ratchetting term. Hence, the crack is distinctly more open. For 𝑁 = 2 backstresses,
the displacements are slightly found below. In the vicinity of the current crack tip, the curve exhibits a zig-zag shape indicating
instabilities during the calculation. In addition, the deformed crack tip 𝑥-coordinate is shifted to the right in front of the crack tip.
This is not expected since if a crack is loaded under mode I in tension, the crack tip node, which is only constrained in loading
direction, should be moved towards the previous crack growth increment, as this is the case for the other plasticity models.

If a modification for an improved description of ratchetting is not considered in the plasticity model, massive accumulation
of plastic strain at the crack flank and the near crack tip field is obtained under OP TMF loading, which directly results in the
significantly larger crack flank displacements in Fig. 14 and to the non-plausible 𝐶𝑇𝑂𝐷 evolution in Fig. 8(b), as found as well
as in [31,32]. The material properties for IN100 used in this work were not only determined from low-cycle fatigue tests but also
from compression tests over a large strain range to ensure enough hardening potential up to 𝜀pl ≫ 50% [47]. However, ratchetting
at the crack flank activates the formation and accumulation of pronounced plastic strains, especially under OP TMF loading. As a
consequence, the pure Chaboche-type models with 𝑁 = 2 and 𝑁 = 5 backstresses both reach their saturation value. In this case,
the material behaves like an elastic perfectly-plastic material. Elastic perfectly-plastic material behavior is known to be prone to
numerical instabilities, which can result in distorted meshes and are noted in the oscillating 𝑈 curves for OP TMF loading in Fig. 6(a)
for the Chaboche-type model with 𝑁 = 2 backstresses as well.

The influence of ratchetting is also present under IP TMF loading, only a little pronounced in the crack opening stress (see
Fig. 5) but more evident in 𝐶𝑇𝑂𝐷 (see Fig. 10(a)). Compared to OP conditions, significantly less plasticity is visible, which results
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Fig. 10. Evolution of the normalized crack tip opening displacement 𝐶𝑇𝑂𝐷∕𝑎 for a crack growth increment of 𝛥𝑎 = 0.2mm during one (a) IP and (b) OP TMF
cycle.

in smaller 𝐶𝑇𝑂𝐷 values. Due to the high temperatures at high mechanical strains, this can only be explained by the crack closure
effect, which reduces the deformation of the crack tip significantly.

Based on the results and the preceding discussion, for the suitable simulation of crack closure under TMF conditions, a plasticity
model modified for an improved description of ratchetting is mandatory. This raises the final question, which of the Chaboche-type
models with Jiang ratchetting term with 𝑁 = 5 and 𝑁 = 10 backstresses should be used in further TMF simulations. Applying the
Jiang ratchetting term introduces small bending points in stress–strain hysteresis loops in the transition between two backstresses,
which can be concealed with more, e.g., 𝑁 = 10 backstresses [47]. Since both plasticity models give similar results in this work, the
motivation is to use the Chaboche–Jiang model with 𝑁 = 5 backstresses due to its computational efficiency and the reduced effort
in determining the material properties. However, the Chaboche–Jiang model with 𝑁 = 5 backstresses has to be further validated in
an upcoming paper for the simulation of crack closure under TMF conditions.

4.3. Remarks on model assumptions and model validation

This work presents the results of a numerical study. Numerical studies allow the investigation of distinct influencing factors
on crack closure as the influence of the material behavior, e.g., [26,30,31,61], to identify trends that help for the explanation of
experimental results and the derivation of analytical crack closure models, e.g., [20–22].
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Fig. 11. Simulated TMF stress–temperature hysteresis loops and evolution of the yield stress of the investigated IN100 superalloy with temperature.

Fig. 12. Contact stress profiles for IP and OP TMF loading from (a) finite element calculations and (b) strip yield model results from [20].
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Fig. 13. Evolution of crack closure as a function of crack length for different evaluation methods.

Fig. 14. Crack flank displacements under OP TMF loading plotted against the deformed 𝑥-coordinate.

A temperature-dependent cyclic plasticity model is used that is calibrated based on experimental data for the nickel-base
superalloy IN100 and validated for TMF loading conditions. However, the finite element model considers idealizations regarding
the crack geometry and crack path, and the processes at the crack tip are described disregarding microstructure and explicit damage
processes at the crack tip. A direct validation of the model concerning crack tip opening displacement and crack closure against
experimental results is, hence, not reasonable and is not the aim of this work. With the numerical model, higher crack tip openings
and less crack closure for OP TMF conditions compared to IP TMF conditions are obtained. This leads to the expectation that OP
TMF conditions result in higher crack growth rates, which is in line with experimental results obtained in [62], where IP TMF and
OP TMF crack growth measurements for IN100 were performed on corner-crack specimens with long cracks in a similar temperature
and mechanical strain range. These tests, indeed, show higher crack growth rates for OP TMF, see Fig. 15. Hence, the model gives
the correct trends and, with the findings of this work regarding the modeling of crack closure under TMF conditions, a systematic
analysis for crack closure is now possible in finite element calculations.

For a direct validation of the model regarding crack opening displacement and crack closure a combined experimental and
computational approach is required that uses experimental techniques such as digital image correlation (DIC) enabling the
observation of crack closure effects at the crack tip and single crystal plasticity models together with microstructure-based finite
element models. Detailed studies for room temperature small-scale yielding fatigue loadings are presented in, e.g., [63–65]. For low-
cycle fatigue and large-scale yielding conditions, where stage II fatigue crack growth dominates even for small cracks [34], crack
closure is analyzed with single crystal plasticity and microstructure-based finite element models using idealized crack geometries.
A combination of this approach with real crack geometries and DIC measurements would allow for direct validation of the finite
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Fig. 15. Experimentally measured fatigue crack growth rates for IN100 under TMF loading in comparison to isothermal tests [62].

element simulations. For high-temperature TMF conditions, however, challenges from surface oxidation and thermal radiation on
DIC arise for which solutions are reviewed and proposed in [66].

5. Conclusions

This work systematically studied the effect of hardening and ratchetting on the evolution of crack closure and crack tip opening
displacement under IP and OP TMF conditions with different strain ratios for strain-controlled large-scale yielding. The results are
summarized and concluded as follows:

• Under OP TMF loading, significantly less crack closure is present due to the positive mean stress evolution than in the
corresponding IP TMF loading cycle. Under IP loading, the contact stresses along the crack flank are much higher and lead to
more pronounced crack closure.

• The difference in crack closure significantly affects the crack tip opening displacement (𝐶𝑇𝑂𝐷). In this study, 𝐶𝑇𝑂𝐷 under
OP TMF loading is by a factor of four larger than under IP TMF loading, which should lead to significantly higher fatigue
crack growth rates under OP TMF loading in long crack growth tests.

• The strain ratio in the IP and OP TMF cycles is found to have no noticeable influence on the crack opening stress and 𝐶𝑇𝑂𝐷
for the studied strain amplitude.

• Even for strain-controlled TMF simulations, it is important to properly capture ratchetting effects. Only the Chaboche-type
models with Jiang ratchetting term deliver stable and reliable results for the investigated loading conditions.

• The pure Chaboche-type models without ratchetting term partly show unstable results depending on the loading conditions
and number of backstresses used. Reducing the number of backstresses leads to saturated stresses at large strains and causes
numerical instabilities.

• The elastic perfectly-plastic model predicts similar trends in terms of the difference between IP and OP TMF. However, the
quantitative results regarding the evolution of crack closure and crack tip opening displacement significantly deviate.

• Since a higher number of 𝑁 = 10 backstresses in the Chaboche-type model with Jiang ratchetting term has no visible influence
on the results; it is justified to use the ratchetting plasticity model with 𝑁 = 5 backstresses in upcoming TMF crack closure
simulations.
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